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Abstract
A typical contribution to a color ordered multi-gluon amplitude, which can split into two
weakly correlated two-body gluon scattering amplitudes and may thus contribute to a Double
Parton Interaction, is briefly discussed. We find that the color ordered amplitude is not en-
hanced in the typical configuration generated by a DPI, where the transverse momenta of final
state gluons are compensated pairwise, while a dominant contribution to the multi-gluon am-
plitude is due to terms proportional to the fusion amplitude of two initial state gluons. Which
corresponds to an amplitude effectively describing a two rather than a three-body partonic
interaction.
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Figure 1: Double parton scattering contribution to
the forward elastic amplitude
The Double Parton Interaction cross
section can be expressed as a contribution
to the forward elastic scattering amplitude
characterized by two independent loops
(cfr. Fig.1), where the initial momenta of
the partonic interactions are integrated in-
dependently in the amplitude and in its
complex conjugate, is such a way that the
process is not diagonal as a function of the
initial parton’s momenta [1]. To evaluate
the loop integral, it is convenient to dis-
tinguish two qualitatively different terms
in the vertex Φ, representing the hadron
structure (cfr. Fig.2). Namely the short dis-
tance contribution, φ, and the long distance
contribution, ψ. In this way the interaction
amplitude splits into 4 different terms. As
shown in Fig.3, the first 3 terms contribute to DPIs, since the vertex ψ introduces a non perturba-
tive dimensional factor in the amplitude, while the 4th term, where only φ vertices are present,
contributes as a loop correction to the 2→ 4 parton scattering amplitude [2] [3].
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Figure 2: Non perturbative and perturbative con-
tributions to the double parton vertex
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Figure 3: Different 4 → 4, 3 → 4 and 2 → 4 contri-
butions to the interaction amplitude
The non perturbative dimension, characterizing the vertices ψA and ψB , limits the virtualities
of the partons in the the loop to values of the order of the hadronic mass. As a consequence,
the upper part of the loop in the interaction amplitude is characterized by large light cone ’+’
components, while the lower part of the loop is characterized by large light cone ’−’ components,
in such a way that the loop integrations on the light cone ’+’ and ’−’ integration variables can be
done independently.
In the case of the 4→ 4 scattering process, the feature is illustrated in Eq.(1) where the integra-
tions on the loop variables δ− and δ+ define the functions ΨA and ΨB , which allow introducing
the Double Parton Distribution Functions and thus expressing the DPI cross section in the familiar
factorized form.
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The case of the 3 → 4 contributions is more elaborate. A partonic process contributing to the
DPI amplitude is schematically shown in Fig.4. When looking at Feynman diagrams, one finds
that, in the case of all gluons, the number of diagrams to be considered for the 7-gluon amplitude
is huge: 2485 at tree level. A standard approach to the problem is therefore impractical. In the zero
mass case, tree level amplitudes are nevertheless successfully worked out with the Spinor-Helicity
formalism and, in the all-gluon case, tree level amplitudes have been worked out explicitly for any
number of external gluons [4].
In the spinor-helicity formalism, the tree level amplitude of n gluons with colors c1, c2 . . . cn,
momenta p1, p2 . . . pn and helicities 1, 2 . . . n, is expressed as
Mn =
∑
perms′
Tr(T c1T c2 . . . T cn)A(p1, 1; p2, 2; . . . ; pn, n) (2)
where the sum, perms′, is over all non− cyclic permutations of 1,2,. . . ,n and the T ’s are the SU(3)
generators. The partial amplitudes A(1, 2, ..., n) are called color ordered amplitudes and satisfy
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various important properties. In particular each A(1, 2, ..., n) is a gauge invariant quantity and
each different term is incoherent inMn to leading order in the number of colors [5].
The partial amplitudes are expressed in terms of the spinor products:
〈ij〉 = √sij eiϕ, [ij] = √sij e−iϕ (3)
where sij = (pi + pj)2 and ϕ is a phase factor that, in many cases, is not relevant for the final re-
sult. All contributions to the 7-gluon amplitudes of interest can be obtained from 4 different color
ordered amplitudes [6]. Each one is expressed by various terms, characterized by singularities
in different combinations of the external momenta, where the convention is to define all external
momenta in the amplitude as outgoing. The simplest color ordered amplitude is
A(1−2−3−4+5+6+7+)
= A(1−2−3−4+5+6+7+)|a +A(1−2−3−4+5+6+7+)|b +A(1−2−3−4+5+6+7+)|c (4)
As apparent in Fig.4, to contribute to a DPI, a multi-parton amplitude has to be characterized
by at least two multi-particle singularities. In the actual case the condition is satisfied by A|c:
A(1−2−3−4+5+6+7+)|c = − 〈3|(4 + 5)(6 + 7)|1〉
3
P 2345P
2
671〈34〉〈45〉〈6|7 + 1|2]〈67〉〈71〉〈5|4 + 3|2]
(5)
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Figure 4: 3 → 4 contributions to the DPI interaction
amplitude
Analogously to the 4→ 4 case, to study
the effect of the loop integration on the
term A|c, one can integrate on the loop in-
tegration variables δ+ and δ− (cfr. Fig.4) by
keeping into account of the dependence on
δ− only in the upper part of the loop and
of the dependence on δ+ only in the lower
part of the loop. The integration on δ+
thus defines the function ΨB and fixes the
values of the fractional momentum compo-
nents of P345 and of P671 with respect to p2,
actually z and 1 − z, while the integration
on δ− is estimated with the singularities of
1/(P 2345P
2
671) in A|c:
P345 ≡ −p3 + p4 + p5 ≡ zp2 + δ, P671 ≡ p6 + p7 − p1 ≡ (1− z)p2 − δ∫
dδ−
1
P 2345P
2
671
=
∫
dδ−(
(zp2 + δ)2 + i
)(
(1− z)p2 − δ)2 + i
) = 2pii
δ2t p2+
(6)
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The final expression of the amplitude is obtained after integrating on the transverse compo-
nents δt. Notice that when δt = 0 the two intermediate gluons, with momenta P345 and P671, are
on mass shell and the process factorizes into the product of a splitting amplitude and of two on
shell scattering amplitudes, in such a way that the final state has the characteristic signature of a
DPI, namely the transverse momenta compensated pairwise.
A main point is thus the behavior of the integrand in the limit of small δt. At small δt one has:
∫
A|cdδ− '
(
z〈32〉〈δ1〉+ (1− z)〈3δ〉〈21〉)3[δ2]
〈34〉〈45〉〈67〉〈71〉〈δ6〉〈δ5〉 ×
2pii
δ2t p2+
→ const.
δt
for δt → 0 (7)
The integration of A|c on d2δt thus washes out the singularity at δt = 0, which implies that the
amplitude is not enhanced in the configuration where the transverse momenta of the two pairs of
large pt partons are compensated pairwise. The contribution of A|c is thus of the same order of
magnitude of the other two contributions A|a and A|b to the same gauge invariant color ordered
amplitude A.
One can show that this property does not hold only for the particular case discussed here. It
holds also for all other contributions to the tree level 7-gluon amplitude, characterized by multi-
particle singularities.
At tree level, in each color ordered amplitude, one thus finds terms, which can be factorized
into a splitting amplitude and two almost on shell 2 → 2 scattering amplitudes. However these
contributions to the color ordered amplitude are not enhanced, because of the loop integration on
the initial momenta, and have to be added coherently with all other contributions (which are of
similar magnitude) to the same, gauge invariant, color ordered amplitude. One will then conclude
that the 3 → 4 terms cannot contribute in a relevant amount to cross sections, characterized by
final state configurations where transverse momenta are compensated pairwise.
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Figure 5: 7-gluon amplitude with two parallel glu-
ons in the initial state
A further remark is that the complete
3 → 4 scattering amplitude results from
the sum of all color ordered contributions.
In the actual case of interest one has two
gluons in the initial state, which are origi-
nated by the same hadron and which thus
have a rather small relative transverse mo-
mentum. The color ordered terms, where
the almost parallel initial state gluons are
cyclically-adjacent in the amplitude, are
singular in the invariant obtained by the
sum of the two almost parallel momenta [7] and therefore give a leading contribution to the
amplitude. A main contribution to the 7-gluon amplitude, in the kinematics considered here,
is therefore factorized into a fusion amplitude and a 6-gluon scattering amplitude, the latter with
only two gluons in the initial state.
While initiated by three partons, a main contribution to the cross section is thus effectively
given by a 2→ 4, rather than by a 3→ 4 parton process.
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